Abstract: In the space L(S m−1 ) of functions integrable on the unit sphere S m−1 of the Euclidean space R m of dimension m ≥ 3, we discuss the problem of one-sided approximation to the characteristic function of a spherical layer G(J) = {x = (x 1 , x 2 , . . . , xm) ∈ S m−1 : xm ∈ J}, where J is one of the intervals (a, 1], (a, b), and [−1, b), −1 < a < b < 1, by the set of algebraic polynomials of given degree n in m variables. This problem reduces to the one-dimensional problem of one-sided approximation in the space L φ (−1, 1) with the ultraspherical weight φ(t) = (1−t 2 ) α , α = (m−3)/2, to the characteristic function of the interval J. This result gives a solution of the problem of one-sided approximation to the characteristic function of a spherical layer in all cases when a solution of the corresponding one-dimensional problem known. In the present paper, we use results by A.G. Babenko, M.V. Deikalova, and Sz.G. Revesz (2015) and M.V. Deikalova and A.Yu. Torgashova (2018) on the one-sided approximation to the characteristic functions of intervals.
Introduction
Let R m , m ≥ 2, be the Euclidean space with the inner product
x k y k , x = (x 1 , x 2 , . . . , x m ), y = (y 1 , y 2 , . . . , y m ), and the norm x = √ xx. For r > 0, we consider in the space R m the sphere S m−1 (r) = {x ∈ R m :
x = r} of radius r centered at the origin; we denote by S m−1 the unit sphere (r = 1). For By means of these intervals, we define the spherical layers G(J) = {x = (x 1 , x 2 , . . . , x m ) ∈ S m−1 : x m ∈ J} (0.2) centered at the "north pole" e m = (0, 0, . . . , 0, 1) of the sphere. In the case b = 1 and −1 < a < 1, the layer C(a) = G(a, 1] = {x = (x 1 , x 2 , . . . , x m ) ∈ S m−1 : x m ∈ (a, 1]} is the spherical cap. Let H be one of the following manifolds: either an interval from the real line or a sphere S k−1 (r) of radius r > 0 in the space R k , 2 ≤ k ≤ m, in particular, the unit sphere S m−1 = S m−1 (1) . On each of these sets, we consider the classical Lebesgue measure (of corresponding dimension). For a measurable subset E ⊂ H, denote by |E| the (corresponding) measure of the set E. Let L(E) be the space of functions measurable and integrable on E. For a function f ∈ L(E), its Lebesgue integral on the set E is written as E f (x)dx. We assume that the space L(E) is equipped with the norm f = f L(E) = E |f (x)|dx.
Denote by P n,m the set of algebraic polynomials In what follows, for a couple of measurable functions f and g on the sphere S m−1 , the inequality f ≤ g means that f (x) ≤ g(x) for almost all x ∈ S m−1 . Given a function f defined and measurable on the sphere S m−1 , we consider the sets P − n,m (f ) = {P n ∈ P n,m : P n ≤ f }, P + n,m (f ) = {P n ∈ P n,m : P n ≥ f } (0.3) of polynomials from P n,m whose graphs "lie" under and over the graph of the function f , respectively. In order to the sets (0.3) were not empty, we assume that f is lower bounded in the former case and upper bounded in the latter case. Consider the values of the best one-sided approximation in the space L(S m−1 ) to the function f from below and from above by the set P n,m :
Polynomials implementing the infimums in these relations are called polynomials of the best (integral) approximation to the function f from below and from above, respectively, or simply extremal polynomials. The space P n,m is finite-dimensional; therefore, as easily understood, extremal polynomials in (0.4) exist; i. e., we can replace inf by min in (0.4) (as well as in similar problems in what follows). The main aim of the present paper is to study the best one-sided approximation from below in the space L(S m−1 ) to the characteristic function
of a spherical layer (0.2) by the subspace of polynomials P n,m ; more exactly, to study the value
here, in accordance with the introduced notation,
The fact that function (0.5) is zonal plays an important role in what follows. In this paper, a function f (x), x = (x 1 , x 2 , . . . , x m ), defined on the sphere S m−1 is called zonal if it depends only on the coordinate x m of the point x = (x 1 , x 2 , . . . , x m ) ∈ S m−1 , i. e.,
where ζ is a univariate function defined on the interval [−1, 1]. For function (0.5), the function ζ in representation (0.7) is the characteristic function of the interval (0.1).
In the present paper, we only discuss problems of one-sided approximation from below. The problems of approximation from above are not specially considered. However, in certain cases, results for approximations from above can be obtained either as consequences of results on the approximation from below or by the same scheme.
Approximation without constraints in the space L(S m−1 ) to the characteristic function of a spherical layer and a spherical cap by algebraic polynomials was studied by one of the authors [8] [9] [10] . Note also that, by now, there are many studies devoted to approximation theory, harmonic analysis, and extremal problems on Euclidean sphere; see, for example, monographs [7, 13] and the references therein.
Reduction to a one-dimensional problem
In this section, we show that, by means of averaging, problems (0.4) of one-sided approximation to a zonal function in the space L(S m−1 ) on the sphere reduce to problems of one-sided approximation to the corresponding univariate function in the space L φ (−1, 1) of functions integrable on the interval (−1, 1) with the ultraspherical weight
which is equipped with the norm
To prove this fact, we apply an averaging operator Υ, which, to a function f ∈ L(S m−1 ), set in correspondence a function of one variable t ∈ (−1, 1) by the formula
The following lemma implies that this is a bounded linear operator from the space L(S m−1 ) to the space L φ (−1, 1). This lemma is a variant of Fubini's theorem (see, for example, [12, Ch. III, Sect. 11]); a detailed proof of this statement with the passage to polar coordinates on the sphere can be found, for example, in [8] .
Lemma 1. The following statements hold for a function f integrable on the sphere S m−1 for m ≥ 3.
(1) For almost all t ∈ (−1, 1), the function f
(2) The function
of variable t ∈ (−1, 1) is integrable with ultraspherical weight (1.1) on the interval (−1, 1); i. e., g ∈ L φ (−1, 1).
The following formula holds:
According to Lemma 1, the averaging operator Υ is well defined by formula (1.2) on the whole space L(S m−1 ) and is a linear operator from L(S m−1 ) to L φ (−1, 1). The following estimate holds for f ∈ L(S m−1 ) for almost all points t ∈ (−1, 1):
Hence, using formula (1.4) for the function |f |, we obtain the inequality
The latter inequality turns into an equality at least in the following two cases: (1) the function f is nonnegative; (2) the function f is zonal, more exactly, depends only on the variable x m . Indeed, if f is nonnegative, then the unique inequality in the chain of relations given above turns into an equality. In the case when the function f is zonal, we have Υf = f , i. e., f (x) = g(x m ) and, obviously, inequality (1.5) turns into an equality. Thus, the averaging operator (1.2) is a bounded linear operator from L(S m−1 ) to L φ (−1, 1) and the equality |S m−2 | Υ = 1 holds for its norm Υ .
Note also that, if the function f is continuous on the sphere S m−1 , then the function g = Υf is continuous on the interval I = [−1, 1] and g(1) = f (e m ), e m = (0, 0, . . . , 0, 1).
The following lemma describes the structure of function (1.3) in the case when f is a polynomial. The proof of the lemma can also be found in [8] .
Lemma 2. For n ≥ 1 and m ≥ 3, for any polynomial P n ∈ P n,m , the function
is a polynomial in (one) variable t = x m of degree at most n.
Thus, we have the embedding ΥP n,m ⊂ P n , where P n = P n,1 is the set of polynomials in one variable of degree at most n. In fact, we have the equality ΥP n,m = P n .
(1.7)
Indeed, a polynomial p n ∈ P n can be regarded as a polynomial in m variables; more exactly, with the polynomial p n , we associate the polynomial P n (x 1 , x 2 , . . . , x m ) = p n (x m ) in m variables. In this case, the right-hand side of (1.6) is the polynomial p n ; thus, ΥP n = p n . Relation (1.7) is verified.
If a function f is defined, integrable, and lower bounded on the sphere S m−1 , then the embedding
If, in addition, the function f is zonal, then the following equality holds:
P r o o f. For the beginning, let f be an arbitrary integrable and lower bounded (not necessarily zonal) function on the sphere, and let P n ∈ P − n,m (f ). Recall that the property P n ∈ P − n,m (f ) means that the set Ω = Ω(f, P n ) of points x ∈ S m−1 at which the inequality P n (x) ≤ f (x) holds is of full measure (i. e., the difference S m−1 \ Ω is a null-measure set) in S m−1 .
We have to compare the averaging of the polynomial P n
and the averaging of the function f
for (almost all) t ∈ (−1, 1). Since a polynomial P n is a continuous function, averaging (1.8) exists for all points t ∈ [−1, 1]; moreover, according to Lemma 2, (ΥP n )(t) is a polynomial in one variable. Averaging (1.9) exists, in general, not for all t ∈ (−1, 1). According to Lemma 1, integrals (1.9) exist for almost all t ∈ (−1, 1), i. e., everywhere on (−1, 1) except for a null-measure set I ′ 0 ⊂ (−1, 1). Let us study the set of pairs ( x, t) of points at which the following inequality holds:
Let us ascertain that this inequality holds for almost all t ∈ (−1, 1) (i. e., everywhere on (−1, 1) except for a null-measure set I ′′ 0 ) for almost all x ∈ S m−2 (i. e., everywhere on S m−2 except for a null-measure set S 0 (t)). In other words, the set
is of full measure in S m−2 for almost all t ∈ (−1, 1). This fact can be proved, for example, on the following way. Let us apply Lemma 1 to the characteristic function 1 Ω of the set Ω. By the first statement of the lemma, the set ω(t) is measurable on S m−2 for almost all t ∈ (−1, 1) (i. e., everywhere on (−1, 1) except for a null-measure set I ′′ 0 ). Formula (1.4) for the function 1 Ω takes the form
For the measure of set (1.10), we have the estimate
Therefore, (1.11) implies that
The latter value is |S m−1 |. Hence, inequality (1.12) turns into an equality on the set (−1, 1) \ I ′′ 0 . Thus, set (1.10) is measurable for almost all t ∈ (−1, 1) and
The set 1) is a null-measure set; (1.9) holds for points t ∈ I 0 , the set (1.10) is measurable, and (1.13) hods. For points t ∈ (−1, 1) \ I 0 , the inequality (ΥP n )(t) ≤ (Υf )(t) holds.
Consequently, the embedding Υ(P − n,m (f )) ⊂ P − n (Υf ) holds. Most likely, the inverse embedding does not hold in the general case.
Assume that a function f is zonal and, moreover, can be represented in the form (0.7). A polynomial p n ∈ P − n (g) regarded as a zonal polynomial, obviously, belongs to the set P − n,m (f ) and Υp n = p n . Therefore, in this case, the inverse embedding P − n (g) ⊂ Υ(P − n,m (f )) hods. Lemma 3 is proved.
For a function g ∈ L φ (−1, 1) lower bounded on (−1, 1), consider the value
of its best approximation from below in the space L φ (−1, 1) by the set P n .
Theorem 1. Let m ≥ 3 and n ≥ 0. For an arbitrary function f ∈ L(S m−1 ) lower bounded on S m−1 , the following inequality holds:
For a zonal function f ∈ L(S m−1 ), the following equality holds:
and, if a polynomial p * n in one variable is extremal in problem (1.14) for the function g = Υf , (i. e., the infimum in (1.14) is attained at this polynomial), then the zonal polynomial P * n (x) = p * n (x m ), x = (x 1 , x 2 , . . . , x m ) ∈ R m , is extremal in problem (0.6). P r o o f. Let P n ∈ P − n,m (f ), and let g n be the function (of one variable) constructed by formula (1.3):
As shown above, g n ∈ P − n (g), where g = Υf . We have
Hence,
Indeed, the following chain of relations holds:
This, by Lemma 3, implies relations (1.15) and (1.16). Due to equality (1.16), at the polynomial
. . , x m ) ∈ R m , the infimum in (0.6) is attained; thus, this polynomial is extremal. Theorem 1 is proved. Function (0.5) is zonal; more exactly,
where 1 J is the characteristic function of the interval (0.1):
Consider the best approximation from below
to the step function 1 J in the space L φ (−1, 1) by the set P − n (1 J ) = P − n,1 (1 J ) of algebraic polynomials (in one variable) whose graphs lie under the graph of the function 1 J . As a particular case of Theorem 1, the following statement is valid.
Theorem 2. For any m ≥ 3 and n ≥ 0, the following formula holds for intervals (0.1):
and, if a polynomial p * n in one variable is extremal in problem (1.17), then the zonal polynomial P * n (x) = p * n (x m ), x = (x 1 , x 2 , . . . , x m ) ∈ R m , is extremal in problem (0.6).
One-sided approximation to the characteristic function of an interval
Let υ be a measurable integrable nonnegative function different from zero almost everywhere on (−1, 1); we will call such a function a weight (on (−1, 1) ). Denote by L υ (−1, 1) the space of real-valued functions f integrable with weight υ on (−1, 1) equipped with the norm
In this section, we give results from [1, 5, 11] on the one-sided approximation in the space L υ (−1, 1) to the characteristic function of an interval by algebraic polynomials. The results from Section 1 and from this sections make it possible to find the best one-sided approximation in the space L(S m−1 ) to the characteristic function of a spherical layer (in particular, a spherical cap) by algebraic polynomials in certain situations.
For nonnegative integer n, we denote by P n the set of algebraic polynomials p(t) = n k=0 a k t k in one real variable of degree at most n with real coefficients.
In contrast to Section 1, in this section, for a couple of measurable functions f and g on the interval [−1, 1], the inequality f ≤ g means that f (t) ≤ g(t) for all t ∈ [−1, 1]. For a function f defined, bounded, and measurable on the interval [−1, 1], we consider the sets
of polynomials from P n whose graphs lie under and over over the graph of the function f , respectively. The function f is assumed lower bounded in the former case and upper bounded in the latter case. We are interested in the values
of the best approximation in the space L υ (−1, 1) to the function f from below and from above by the set P n as well as in extremal polynomials at which the infimums in (2.1) are attained. An important tool for studying the one-sided approximation to functions by polynomials are quadrature formulas
exact on the set of polynomials P n with nodes −1 ≤ t 1 < t 2 < · · · < t M ≤ 1 and positive weights: Theorem A. Assume that quadrature formula (2.2) holds on the set P n . Then, the following estimates are valid for a measurable bounded function f :
If an inequality in (2.3) turns into an equality, then quadrature formula (2.2) is said to be extremal in the corresponding problem (2.1).
Consider the problem of one-sided approximation to the characteristic function
of interval (0.1) in the space L υ (−1, 1) by algebraic polynomials of given degree n ≥ 0. The problem consists in finding the values
Problems of one-sided weighted integral approximation to the characteristic function of an interval and to similar functions by algebraic or trigonometric polynomials arise in various areas of mathematics and have a rich history (see [1, 2, 5, 6, 11, 14, 16, 17] and the references therein). Let us outline only several exact results on problem (2.4) closely related to the present paper; for a more complete presentation of the topic see [1, 11] . Problem (2.4) of one-sided integral approximation to the characteristic function of an arbitrary half-open interval (a, 1] ⊂ (−1, 1] by algebraic polynomials on [−1, 1] with the unit weight was solved, and the whole class of extremal polynomials was described in [5] . This problem in the space L υ (−1, 1) with an arbitrary weight is solved in [1] . Let us describe the main result of [1] in the form convenient for us.
In the study of problems (2.4) of one-sided approximation to the characteristic function of an interval by polynomials, M -point quadrature formulas are used, the set u of fixed nodes of which either contains no fixed nodes or contains one, two, or three fixed nodes of a specific form: 6) and other M − |u| nodes are chosen so that the formula have the highest degree of precision; here, |u| is the cardinality, i. e., the number of points of the set u. It is known (see, for example, [15, Ch. 7, Sect. 1]) that the degree of precision of such formula is n = 2M − 1 − |u|. Formulas (2.2) take the form
in what follows, we sometimes will use more accurate (in comparison with (2.2)) notation for nodes
in formula (2.7). In the case of the empty set u (there are no fixed nodes), formula (2.7) is the classical Gauss quadrature formula (see [15, Ch. 7,  Sect. 1]) ). In the cases u = {−1} and u = {1}, formula (2.7) is the left and right Radau quadrature formula, respectively; in the case u = {−1, 1}, (2.7) is the Lobatto quadrature formula. It is known (see the references in [1, 3, 5] ) that formula (2.7) is positive in all these cases.
For each of the sets u of fixed nodes from (2.6), the set Θ u M of values of the parameter θ ∈ (−1, 1) for which quadrature formula (2.7) has positive weights is described in [3, 5] . Such formulas are called quasi Gauss, quasi (left and right) Radau, and quasi Lobatto positive quadrature formulas. In what follows, we consider formula (2.7) with fixed nodes (2.6) only for θ ∈ Θ u M . Thus, a quadrature formula of the form (2.7) with fixed nodes (2.5) and with fixed nodes (2.6) is positive. The degree of precision of formula (2.7) with fixed nodes (2.5) and with fixed nodes (2.6) is N = 2M − 1 − |u|.
The best approximation from below
and an extremal polynomial p a n = p υ n,a at which the minimum in (2.8) is attained were found for all values a ∈ (−1, 1) and n ≥ 1 in the case of the unit weight υ ≡ 1 in [5] and in the case of an arbitrary weight υ in [1] . Results of several statements from [1, Sect. 3] containing the solution of problem (2.8) in the form convenient for us are gathered in the following theorem.
Theorem B [1, Sect. 3] . For M ∈ N, M ≥ 3, the following statements hold.
(1) If the number a ∈ (−1, 1) coincides with one of the nodes of an M -point positive quadrature formula (2.7) different from the maximum node, i. e., a
for n = 2M − 2 − |u| and n = 2M − 1 − |u| in the case of fixed nodes (2.5) and for n = 2M − 1 − |u| in the case of fixed nodes (2.6). Moreover, the corresponding quadrature formula is extremal, and the polynomial of the best approximation from below is the polynomial p a n ∈ P − n (1 (a,1] ) of degree n = 2M − 2 − |u| for u from (2.5) and of degree n = 2M − 1 − |u| for u from (2.6) that interpolates the function 1 (a,1] at the nodes of the quadrature formula.
(2) If the maximum node t u M of formula (2.7) is less than 1, then
for t u M ≤ a < 1 for all 0 ≤ n ≤ 2M − 1 − |u|, and p * ≡ 0 is the polynomial of the best approximation from below. a,b) )} for intervals (a, b) whose end-points are nodes of quadrature formula (2.7). The following statement was obtained in the authors' paper [11] .
Theorem C [11, Theorem 2] . If numbers a and b, −1 < a < b < 1, are nodes of an M -point positive quadrature formula (2.7), more exactly,
for n = 2M − 2 − |u| and n = 2M − 1 − |u| in the case of fixed nodes (2.5) and for n = 2M − 1 − |u| in the case of fixed nodes (2.6). Moreover, the corresponding quadrature formula is extremal, and the polynomial of the best approximation from below is the polynomial ̺ ab n = p a n + q b n − 1 of degree n = 2M − 2 − |u| in the case of fixed nodes (2.5) and of degree n = 2M − 1 − |u| in the case of fixed nodes (2.6).
3. One-sided approximation to the characteristic function of a spherical cap and a spherical layer . To obtain a solution of this problem, we apply the results of [11] described in Theorem C for the ultraspherical weight (3.1) and Theorem 2.
Conclusion
Theorem 2 gives a solution of problem (0.6) in all cases when a solution of the corresponding onedimensional problem is known. For example, Theorem 5 from [11] for the weight υ chosen from the condition υ(t 2 )|t| = φ(t), t ∈ (−1, 1), i. e., for the Jacobi weight υ(t) = t −1/2 (1−t) (m−3)/2 , t ∈ (0, 1), together with Theorem 2 give the best approximation from below in L(S m−1 ) to the characteristic function 1 G(−h,h) of a spherical layer G(−h, h) symmetric with respect to "equator" x m = 0 of the sphere for h ∈ (0, 1).
The results of Section 1, including Theorem 2, can be naturally transferred to the problem of one-sided approximation in the space L(S m−1 ) from above. These results and the corresponding one-dimensional results on the approximation from above to the characteristic functions of intervals from [1, 11] , make it possible to obtain a write solution of the problem e + n,m (1 G(J) ) on the best approximation from above in the space L(S m−1 ) to the characteristic function 1 G(J) of spherical layer (0.2) by the set P n,m of algebraic polynomials of degree n in m variables, at least, in the two cases described in Section 3.
